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ABSTRACT 
A numerical model for two-dimensional airfoils in unsteady 
motion with boundary layer separation is described. The 
airfoil and wake surfaces are represented by a finite set of 
combined source and vortex panels. The source strengths are 
prescribed to have the same magnitude as the normal relative 
velocity on the surface due to the freestream and motion of 
the airfoil. The vortex strengths on the airfoil surface are 
determined by applying a kinematic surface tangency condition 
to a Green's function representation of the potential field 
while simultaneously enforcing the Kutta condition. Wake 
shedding is governed by a dynamic free surface condition and 
the characteristics of the flow near any boundary layer 
separation points. Wake deformation is predicted by applying 
a geometric free surface condition. Calculation results are 
presented for steady motion, impulsively started rectilinear 
motion, harmonic pitch oscillations, and constant pitching 
motions. Experimental data and analytical solutions are also 
presented for comparison. 
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NOMENCLATURE 

A = Normal induced velocity coe€ficient due to vortex distribution 
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CHAPTER I 

INTRODUCTION 

1.1 Research Motivation - and - 
Objectives 

The prediction of the aerodynamic behavior of an airfoil has been an 

important element in many engineering designs such as aircraft wings, heli- 

copter rotors, turbomachinery vanes, propellers and prop fans. Recently, 

the effective utilization of wind energy has been the focus of many aero- 

dynamic studies. 

Wind turbines involve complex aerodynamic phenomena due to the random- 

ness of the natural wind and the complexity and influence of their trailing 

wake structures. The overall performance of a vertical axis wind turbine 

may be characterized by a power output curve as is shown in Fig. 1.1. 

Field experiments (Ref. 27) have shown that the power produced by a 

Darrieus turbine at high windspeeds or low tip-to-windspeed ratios is much 

higher than would be expected from an analysis based on steady airfoil 

data. It is thought that the additional power output is a direct con- 

sequence of an unsteady flow phenomena known as dynamic stall. Although 

the maximum power associated with dynamic stall only occurs at infrequent 

high wind speeds, it is necessary to design for those peak loads. 

Consequently, wind energy conversion systems are over-designed for the 

loads which are encountered during the majority of normal operations. 

This adversely effects the initial system cost, energy conversion effi- 
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ciency, and the overall cost of energy during their service life. It is 

desirable to identify a regulation windspeed (see Fig. 1.1) at which the 

power output from the turbine is a maximum. This requires the use of some 

sort of power regulation mechanism at windspeeds higher than the regulation 

windspeed. 

In attempts to reduce the peak power output of a Darrieus turbine 

without adversely affecting its performance in the low and medium windspeed 

ranges, several studies of dynamic stall regulation have been conducted 

(Ref. 22 and 28). These experimental investigations have shown that regu- 

lation may be achieved through the design of blade sections which either 

passively exhibit the desired characteristics or have provisions for active 

boundary layer control. 

A valuable tool in the design and evaluation of the aerodynamic char- 

acteristics of a blade or airfoil section is a numerical model. It allows 

the examination of many more new geometries at lower cost than wind tunnel 

or full-scale experiments. Realization of the economic benefits and flex- 

ibility of numerical aerodynamic models has given rise to many active 

research programs. The work reported herein is one such effort. 

1.2 Review of Pre-vious Works 
I_ ___ _ _ _ - _ _ - ~ -  

A historical review of aerodynamic panel methods by Kraus (Ref. 29) 

reveals that one of the first applications of the method was by Smith and 

Hess (Ref. 50) for an airfoil with zero lift. In thelr study, as well as 

in other early efforts, airfoils were modeled with either distributed 



potential source panels for nonlifting flows or vortex panels for flow 

with lift. 

Other types of panel singularities have been evaluated in more recent 

studies by Robert and Saaris (Ref. 4 2 ) ,  and Bristow, et al. (Ref. 4 ,  5 ,  6 ) .  

Both utilized combined source and vortex singular€ties in efforts to 

develop a numerical model for 3-dimensional steady flows. Whole atrcraft 

configurations have been successfully analyzed by Robert and Saaris with 

this approach. Bristow has developed a numerical model which is very 

accurate in the design of an airfoil to produce a prescr-lbed pressure dis- 

tribution as well as in the analysis of a specified airfoil geometry. 

Most of the investigations using panel methods have been for steady 

flow, although the general method may be extended to unsteady flows as is 

evidenced by the works of Ashley (Ref. 3 ) ,  Djojodihardjo and Widnall 

(Ref. 1 3 ) ,  Summa (Ref. 5 2 ) ,  Lewis (Ref. 3 1 ) ,  and Oler (Ref. 40). Tast 

utilization of the panel method has been concentrated on attached flows 

where the boundary layer vorticity is shed smoothly from the trailing edge 

and the Kutta condition is satisfied exactly. 

The modeling of separated wakes using discrete vortices can be viewed 

as being a natural extension of unsteady panel methods. For instance, in 

the case of a stalled airfoil, the wake may be represented by two vortex 

sheets instead of the usual one for attached flow. Clements and Maul1 

(Ref. 9 )  give a comprehensive review of wake modeling techniques which 

utilize discrete vortices. Most prior investigations of wake calculations 

pertain to the flow behind bluff bodies such as that by Sarpkaya and 

Schoaff (Ref. 4 6 )  for flow behind circular cylinders. These bluf€ bodies 

4 



were in all cases immersed in a fluid with a steady. uniform freestream 

velocity. 

based on conformal mapping techniques as opposed to utilization of the more 

flexible panel methods. 

are found in Ham (Ref. 18), Gerrard (Ref. 15), Deffenbaugh and Marshall 

(Ref. 12), Sarpkaya, et al. (Ref. 45, 46, 47), and Kiya and Arie (Ref. 2 6 ) .  

In each study, the separating boundary layers were represented by an array 

of discrete vortices emanating from a known separation point location on 

the airfoil surface. Ham allowed a single vortex to be shed from the lead- 

ing edge of the airfoil when its orientation exceeded an assumed stall 

angle of attack. Sarpkaya (Ref. 45) and Kiya also assumed the leading edge 

of the flat plate to be a boundary layer separation point, while Gerrard 

Most of the investigators have utilized potential flow models 

Examples of wake modeling using discrete vortices 

(Ref. 15) and Deffenbraug (Ref. 12) relied on experimental data €or a 

circular cylinder. 

Common difficulties reported in these investigations were the uncer- 

tainty of the determination of the fraction of boundary layer vorticity 

imparted to the wake at the boundary layer separation point and the unrea- 

listic downwash associated with free wake vortices convecting close to the 

airfoil surface. Gerrard (Ref. 15) and Sarpkaya (Ref. 45) concluded that 

approximately 50 to 75% of the boundary layer vorticity should be injected 

into the separation wake to produce reasonable results. A similar conclu- 

sion was made in the authors’ previous work (Ref. 20). 

Several investigators have made extensive calculations using unsteady 

turbulent boundary layer codes in recent years, e.g., Nash, Carr, and 

Singleton (Ref. 3 8 ) ,  Dwyer and McCroskey (Ref. 14): Telionis (Ref. 53); 

Daneshyar and Mugglestone (Ref. ll), and Lyrio, Ferziger, and Kline 



(Ref. 32) .  Notable among the codes which have been developed are the 

several variations of a differential boundary layer model due to Nash, 

et al. (Ref. 3 9 ) .  This model may be used to predict both laminar and turb- 

ulent flows, includes unsteady effects, and is capable of predicting flow 

in the vicinity OE separation. 'In addition, the model has been applied 

to dynamic stall problems and has been shown to yield good agreement with 

experimental results (see Ref. 3 4 ) .  

Recently, integral techniques for unsteady turbulent boundary layers 

have appeared in the literature. The method developed by Daneshyar and 

Mugglestone (Ref. 11) utilizes the unsteady momentum integral equation 

along with the entrainment equation and a skin friction relation derived 

from the Coles (Ref. 9) velocity profiles. Lyrio, Ferziger, and Kline 

(Ref. 32)  formulated and tested a similar integral technique which gives 

agreement with the experimentally evaluated steady turbulent flows report- 

ed by Tillman, Herring and Norbusy; Stratford, Samuel and Joubert [see 

Coles  and Hirst (Ref. 10) for these four flows]: Kim (Ref. 2 5 ) ;  Simpson, 

Strickland, and Barr (Ref. 4 8 ) ;  and Wieghardt [see Kim (Ref. 2 5 ) ] .  More 

importantly, this method predicts the unsteady turbulent boundary layer 

data of Karlson (Ref. 2 4 ) ,  and Houdeville, et al. (Ref. 1 9 ) .  and compares 

well with the finite difference methods of McCroskey and Phillippe 

(Ref. 3 4 ) ,  and Singleton and Nash (Ref. 4 9 )  while being an order of magni- 

tude faster in numerical computation time. 

In summary, the strongest trends found in the current literature 

involve the analysis of potential flow via panel methods separating wakes 

via discrete vortices and turbulent boundary layers via a number of 

closure models. These techniques were combined €or the first time in the 

author's previous work (Ref. 2 0 )  and refined in the current investigation. 
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CHAPTER I1 

THEORETICAL BACKGROUND 

~ 2.1 Governing ~ - -  Equations -- and Boundary 
Conditions 

The present study is concerned with the motion of a two-dimensional 

airfoil through a homogeneous, incompressible, and inviscid fluid. The 

airfoil surface is represented with respect t o  a fluid fixed reference 

frame by 

The wake following the airfoil may be deftned by a surface of potential 

discontinuity given by 

W("r,t) = 0. (2.2) 

The possibility of separated flow is accounted for by allowing the wake to 

include a surface of potential discontinuity emanating from a boundary 

layer separation point as well as from the trailing edge. 

Since the airfoil plus wake comprise a complete lifting system, and 

assuming that the ideal fluid was started from a state of rest or uniform 

motion, it follows that the motion is irrotational for all time. This 

requirement of irrotationality is a necessary and sufficient condition to 

guarantee the existence of a velocity potential, i.e., 

+ 
v x u = o  

7 



+ 
therefore, u = vo 

+ 
= u, + VI$ ( 2 . 4 )  

where CP = total velocity potential 

4 = disturbance potential due to the presence of the airfoil. 

Conservation of mass for an incompressible fluid requires that the 

vector velocity field not diverge. This requirement may be expressed as 

+ 
V * U = O .  

Substituting Eq. 2.4 into Eq. 2.5 yields Laplace's equation which is the 

governing equation expressed in terms of the disturbance potential, i-e., 

A unlque solution of Eq. 2 . 6  may be obtained through application of 

appropriate boundary conditions. 

(1) The Infinity Condition: 

The disturbance potential resulting from the presence of the airfoil 

must vanish at in€inity. 

( 2 )  The Kinematic Surface Tangency Condition: 

On the airfoil surface, the normal relative fluid velocity must be 

zero. 

( 3 )  The Kutta Condition: 

At all times, the flow of fluid from the trailing edge must be 

geometrically smooth and continuous. 

( 4 )  The Boundary Layer Separation Condition. 

The sheet of potential discontinuity emanating from a boundary 

8 



layer separation point must reflect the injection of the boundary 

layer vorticity. 

The Dynamic Free Surface Condition: 

The pressure must be continuous through the wake surfaces since they 

cannot sustain a load. 

The Geometric Free Surface Condition; 

The wake surfaces are distorted and convected downstream at local 

convection velocities. 

Once the potential field has been determined, the pressure distribut- 

tion on the airfoil may be found from conservation of momentum which takes 

the familiar form of Bernoulli's equation: 

2 a@ 1 P = P, - p [ E-+ (V@> 1 .  

2.2 Green's Identity for Laplace 
Equation 

---I_- - ___ 

As stated in the previous section, the governing equation is the 

linear Laplace equation. By use of Green's theorem (Ref. 30, pp. 57-59), 

it may be shown that the disturbance velocity potential at any point in 

continuous, acyclic irrotational flow may be given by 

+(r,t) = - - f ds + -- 1 u a i  --- (-) ds 
+ 

2n R 2n s 

where, R = 1 r - 5 I , scalar distance between the "field" point r, and a 
+ 

"potential source" point, 5 
+ +  

n(S,t) = surface normal at a "source" point on a fluid boundary 



+ The first term is the velocity potential at r due to a source distribution 

on the airfoil surface of strength p per unit area, while the second 

term represents the velocity potential produced by a distribution of 

doublets on the airfoil and wake surfaces with axes normal to those sur- 

faces, and strength 0. Therefore, the doublet strength distributton may be 

interpreted as the distribution of potential jump across the wake and air- 

foil surfaces. In actual application, this distribution of doublets is 

replaced by an equivalent distribution of vortices in which the local vortex 

strength is equal to the local gradient of the potential jump across the 

airfoil or wake surface. Additional details concerning the equivalent vor- 

tex distribution are given in Section 3.4. 

The source and vortex strength distributions must be determined 

through application of the boundary conditions stated in Section 2.1. It 

may be noted that the first boundary condition, the infinity condition, is 

inherently satisfied by Eq. 2.8. 

The kinematical surface tangency condition on the surface of the air- 

foil may be expressed (Ref. 23, pp. 190-192) as 

-b on S(r,t) = 0. 

The first term of Eq. 2.9 represents the normal downwash on the air- 

foil due to the airfoil motion where is the local surface normal. It may 

be expressed €or a body fixed coordinate system as 

10 



+ on S(r,t) = 0 

(2.10) 

where; 3, = airfoil translational velocity vector 

2iB = airfoil angular rotation vector. 

The second and third terms of Eq. 2.9 represent normal components of the 

disturbance velocity field and the freestream velocity, respectively. 

Substituting Eq. 2.10 into Eq. 2.9 and rearranging yields 

(2.11) 

which is valid for a body fixed reference frame. Substituting Eq. 2.8 into 

Eq. 2.11 yields 

(2.12) 

This provides a governing integral equation for the unknown vortex and 

source strength distributions on the airfoil and wake surfaces. Once Eq. 2.12 

has been solved subject to the remaining boundary conditions, the distur- 

bance velocity at any point in the flow may be determined through Eq. 2.8. 

2 . 3  Separated Flow Model __ _____ 

For modeling purposes, it is assumed that the wake may be adequately 

represented by two sheets of potential discontinuity. One surface extends 

from the trailing edge while the other originates at the boundary layer 

separation point as illustrated in Fig. 2.1. 

11 



Figure 2 - 1  s e p a r a t e d  Plow X o d e l  
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The rates at which vort€city is shed into the two wake surfaces are related 

by the Kelvin-Helmholtz theorem to the rate of change of the vorticity bound 

to the airfoil surface and the vorticity in the boundary layer at the separa- 

tion point. The theorem requires that the rate of change of the net c€rculat€on 

i n  the flow field be zero, €.e., 

( 2 . 1 3 )  - - + - - - + - - = 0 1  a B  drW dr s 
dt dt dt 

Here, the net circulation has been divided €nto three components; the c€r- 

culation associated with the vortic€ty bound to the airfoil surface, r B ,  

the vorticity shed from the boundary layer separation point, I’ s, and the- 

vorticity shed from the trailing edge, r W .  
r s  represent the rates of vorticity shedding to the respective wake 

surfaces. 

The time derivatives of rw and 

A simple vorticity flux analysis may be utilized to estimate the vor- 

tic€ty shedding rate from the boundary layer separation point, i.e., 

(2.14) 

where us is the velocity at the edge of the boundary layer (or the surface velo- 



city from the potential flow solution) at the boundary layer separation 

point. The assumption is made that 100% of the vorticity contained in the 

boundary layer is injected into the inviscid flow field at the separation 

point. 

Referring to Fig. 2.2, the bound vorticity may be written as 

(2 .15 )  

= AUTE 

where yb is the vortex strength per unit length along the airfoil surface 

and Aa i s  the distribution of potential discontinuity or doublet strength 

along the surface. The rate of change of bound vorticity is, therefore, 

equivalent to the rate of change of the difference in surface doublet 

strength at the trailing edge given by 

(2.16) 

Substituting Eq. 2.14 and Eq. 2.16 into Eq. 2.13 provides an 

expression for the rate o f  shedding of vorticity to the wake surface 

extending from the trailing edge, 

d US2 [--- (AuTE) + ---I dr W 
2 

= - 
dt dt (2.17) 

Eq. 2.17 was based on the Kelvin-Helmholtz vorticity conservation 

theorem. The same result may be arrived at by applying the dynamic free 
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F i g u r e  2.2 Bound V o r t i c i t y  on an Airfo i l  



s u r f a c e  boundary c o n d i t i o n  a t  t h e  a i r f o i l  t r a i l i n g  edge .  S p e c i f i c a l l y  t h e  

p r e s s u r e  must be con t inuous  a c r o s s  t h e  wake over  i t s  e n t i r e  l e n g t h  

i n c l u d i n g  t h e  p o i n t  of a t t achmen t  a t  t h e  t r a i l i n g  edge. The re .  t h e  

p r e s s u r e  d i f f e r e n c e  a c r o s s  t h e  i n f i n i t e l y  t h i n  s u r f a c e  is z e r o  which l e a d s  t o  

and Pu - Pg = 0 

Recogniz ing  t h a t  V$ = U f o r  t h e  f l u i d  f i x e d  r e f e r e n c e  frame,  t hen  

(2.15) 

(2 .19 )  

From F i g .  2 .3 ,  i t  is  noted  t h a t  (Uu- 2 2  U ) / 2  i s  t h e  n e t  ra te  of v o r t i c i t y  
R 

shedding  from t h e  boundary l a y e r s  on t h e  upper  and lower s u r f a c e  of t h e  

a i r f o i l  a t  t h e  t r a i l i n g  edge. 

Then, 

(2 .20)  

By c a l c u l a t i n g  t h e  c i r c u l a t i o n  about  a cu rve  ( a s  shown i n  F i g .  2 . 4 )  which 

e n c l o s e s  t h e  a i r f o i l  and t h e  wake s u r f a c e s  e x t e n d i n g  from t h e  boundary l a y e r  

s e p a r a t i o n  p o i n t ,  i t  f o l l o w s  t h a t  

dr B (A$ ) = -_ + . d 
d t  TE d t  d t  
- (2 .21 )  

(2.22) a B  (-- + --) aW __ = - 
d t  d t  d t  

which i s  e q u i v a l e n t  t o  t h e  r e s u l t  o b t a i n e d  from t h e  Kelvin-Helmholtz 

t h e  o r  e m .  
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An important consequence of boundary layer separation may be noted 

by applying the dynamic free surface condition to the wake surface extending 

from the separation point. Referring to Fig. 2 . 4 ,  points A and B are 

located an infinitesimal distance ahead of and behind the boundary layer 

separation point. 

the separating wake surface must be zero. This results in 

The pressure difference between the two points or across 

As in Eq. 2.19 

Substituting into Eq. 2.23 yields 

( 2 . 2 3 )  

( 2 . 2 4 )  

( 2 . 2 5 )  

Therefore, behind the boundary layer separation point, there is an addi- 

tional increment to a@/at equal to the rate of vorticity shedding from the 

separation point. 

The existence of the additional contribution to a@/at within the 

separation region may be verified by considering the rate of change of the 

potential jump across the trailing edge as described by Eq- 2.21 .  This 

equation may be rewritten as 

( 2 . 2 6 )  

For the case of a steady, stalled airfoil, the average rates of change of 

rB and are zero, yet the a@,/at is not zero due to the vort€city being 

shed from the boundary layer separation point. 



The additional contribution to a@/at in the separated region is essential 

in the calculation of the pressure distribution around the air€oil, Without 

its inclusion: a finite pressure jump would be indicated across the two 

wake surfaces and erroneous predicted values of lift and drag would result. 

2 . 4  Boundary Layer Model 
-__-____.-..-__I_ __ - 

The boundary layer model required in this work must meet several 

requirements. It should be able to predict both laminar and turbulent por- 

tions of the flow as well as the transition region between them as is indi- 

cated in Fig. 2 . 5 .  It is also necessary to predict the locatlon of a 

possible boundary layer separation point given a pressure or edge velocity 

distribution. Boundary layer models may generally be classified as either 

finite difference, finite element or integral models. Among the various 

techniques, the momentum integral method has been chosen for the current 

work. It not only meets the above requirements but also has the advantage 

of being less expensive computationally while yielding comparable accuracy 

(Ref. 3 4 ) .  

2 .4.1 Momentum Integral Equation 

The turbulent boundary layer analysis used here is orginally due to 

Lyrio, et al. (Ref. 3 2 )  and extended for the present work by Strickland 

(Ref. 51). The formulation for the laminar portion of the boundary layer 

is based on Thwaites method (see Ref. 7). The major extension of the 

method for the present study is the inclusion of unsteady terms in the 

momentum integral equation. 
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The unsteady momentum integral equation which is valid for both lami- 

nar and turbulent flow may be written as 

* ae 1 aue * Cf 
I 1 (ue6 + - + -- --- (28 + 6 = - -  
ue2 at as ue as 2 (2.27) 

where Ue, 8 ,  6" and Cf are the freestream velocity, momentum thickness, 

displacement thickness, and friction factor, respectively. For the laminar 

formulation, a pressure gradient parameter, A ,  is defined as 

(2.28) 

where 4 is the Reynolds number based on U, and 0 .  To obtain a solution 

for the laminar formulation, auxiliary relations between Cf/2, 8 ,  and 6" 

must be utilized. 

flow solutions (Ref. 7): 

The following correlations are obtained based on wedge 

'f - 1.91 - 4.13A 
2 * 

Re 

H = (0 .680 - 0.922A)-' (2.29) 

A = 0.325 - 0.130XHL , 

* 
Here, H is the usual shape parameter, 6 / e ,  A is the blockage factor 6*/6 , 

and Re* is the Reynolds number based on Ue and 6*. 

The turbulent boundary layer model utilizes an entrainment equation 

given by 

* a [Ue(6 - 6 11 = F - %as 

22 

(2.30) 



The entrainment €unction F is calculated from the following auxiliary 
equations 

_ -  dF - .025(Fe - F)6 
dS 

A .916 
Fe = 4.24 Ke ( i -1~  ) 

(2.31) 

6" dP $ = __ __. 

'cW dx 

Where T~ is the wall shearing stress and dP/dx is the streamwise pressure 

gradient. Shape factor relationships are obtained from the following 

general velocity profile: 

_ -  - 1 + VTln ($) - v* cos2 (%) 

VT = ----(sgn 1 

Ue 

T- ) (2 - )  Cf Ct: 1/2 
.41 (2.32) 

where U is the velocity in the boundary layer at a distance y from the wall 

and p is the fluid density. The skin friction law is given by 

1 - 732 * -.268 
sgn(1 - a). (2 .33)  Re (-x -1 Cf = -051 I 1 - 21\ 1 2 
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Additional details concerning the entrainment, wall shear stress and skin 

friction relations may be found in Ref. 3 2 .  

2 . 4 . 2  Transition and Separation 
Criteria 

Transition of the laminar boundary layer to a turbulent boundary layer 

is assumed to occur in one of two ways. In the first case, a separation 

bubble is formed near the leading edge. This consists of a separating 

laminar shear layer, transition to turbulence, and possible reattachment as 

a turbulent boundary layer. In some cases, the shear layer may not reattach 

and the boundary layer simply separates at that point. In the present 

model, the streamwise extent of the separation bubble is assumed to be 

small and turbulent boundary layer reattachment is assumed to begin at the 

point of laminar separation which is indicated by a value of H - > 4.0.  

Laminar separation is indicated by the immediate separation of the turbulent 

boundary layer. A more complete model for the separation bubble has been 

proposed and tested by Roberts (Ref. 4 3 )  and Arena and Xueller (Ref. 2) and 

should be evaluated €or inclusion in the current boundary layer code. 

In the absence of a laminar separation bubble, transition may occur by 

virtue of laminar instabilities. This transition mode can be predicted 

using the criteria due to Cebecci and Smith (Ref. 7) ,  i.e., 

2 2 , 4 0 0  0.46 

Rextr xtr 
= 1.174 ( 1  + Re ) . ( 2 . 3 4 )  

Here, Re and Rextr are Reynolds numbers based on the momentum thickness 

and distance from the forward stagnation point, respectively. 
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The separation criteria associated with the unsteady boundary layer is 

more complicated than for the steady case in which it is generally assumed 

that separation occurs at a position of zero wall shear stress. For 

example, it is evident that no separation occurs from a flat plate 

oscillating parallel to its own surface in a stationary fluid even though 

the wall shear stress goes to zero twice during each cycle. In spite of 

this apparent paradox, several investigators have concluded that if pro- 

perly interpreted, the shear stress must vanish at some point within the 

boundary layer and in addition, the velocity relative to a coordinate 

frame moving with the separation point must vanish at the same location. 

These criteria are also consistent with the findings of Nash and Patel 

(Ref. 37) in that they conclude that separation will occur if and only if 

the typical reversed flow velocities exceed the rate of penetration of the 

reversed flow into the oncoming boundary layer. Neither of these methods 

may be easily incorporated into an integral boundary layer calcuation due 

to the lack of prediction detail concerning the instantaneous veloctty 

distribution in the boundary layer. 

An alternate separation criteria which has been utilized in the pre- 

sent work is based on monitorhg any rapid increase in the various boundary 

layer parameters such as the displacement thickness or the velocity com- 

ponent normal to the surface. Nash and Patel (Ref. 37) use a crude cri- 

terion to identiEy the approximate location of separation. Boundary layer 

separation is assumed to occur at the point at which the displacement 

thickness exceeds 10% of the chord length. In the work of Lyrio, the 

"fully developed" separation point is defined to occur at the point where 

A = 0.5. The "intermittent" separation point occurs upstream of the "fully 

developed" separation point. According to the Sandborn (Ref. 4 4 )  correla- 
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tion, the intermittent separation point occurs when 

2 - A  H >  - - : A *  1 ( 2 . 3 5 )  

After considerable experimentation, it was determined that the intermittent 

separation point criterion yields more reliable predictions of boundary 

layer separation than the fully developed separation point cr-lterion within 

the context of the current aerodynamic prediction code. 

2 . 4 . 3  Numerical Solution 

Numerical solutions of the boundary layer equations are ob ained using 

an explicit finite difference formulation of Eq. 2.27 .  For the laminar 

formulation, Eqs. 2 .27 ,  2 . 2 8  and 2.29  can be cast in the following form: 

( 2 . 3 6 )  

This equation is integrated over an interval Ax using a fourth order 

Runge-Kutta method to yield the variation of 6 

given time step. 

* 
as a function of x at a 

Time derivatives with respect to x are obtained from for- 

ward differences. These derivatives are held constant over the integration 

interval Ax. The integration interval Ax is further subdivided into at 

least eight subintervals. For the turbulent formulation, Eqs. 2 .27 ,  2 .30 ,  

2 . 3 1 ,  2 . 3 1  and 2 .33  may be organized to yield a pair of simultaneous 

equations; 

(2 .37 )  
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A fourth order Runge-Kutta method is used to calculate simultaneous values 

of 6" and A as a function of x. 

Experimentation with the boundary layer calculations has indicated 

that the unsteady boundary layer terms have a second order effect on the 

overall airfoil calculations. Consequently, they have been suppressed for 

all of the calculation results presented in Chapter IV. 
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CHAPTER 111 

SOLUTION METHOD 

3 . 1  General Solution Procedure -- __ -- 

A s  is described in Section 2.2 the governing integral relation is 

+ + + + + 
= - (u, - uB - uB x r) * u 

The solution of Eq- 3.1 is made difficult by the nonlinearity which arises 

from the fact that the vortex distribution on the wake as well as the wake 

geometry is dependent on the history of the vorticity and source distribu- 

tions on the airfoil surface. That is, the location of the wake at any instant 

is a function of the previous velocity potential fields which are also 

functions of the previous wake geometries. One approach to overcoming this 

difficulty and obtaining a solution to Eq. 3 . 1  is the following 

step-by-step procedure: 

(1) At t = 0, let the airfoil be started impulsively and the freestream 

velocity brought instantaneously to & with respect to the sta- 
+ 

tionary coordinate system. For this instant, there is no wake sur- 

face and no contribution to the downwash on the airfoil due to the 

wake. Therefore a unique solution for the potential field may be 

found through the application of appropriate boundary conditions. 
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( 2 )  Over the next infinitesimal time increment, assume that the velocity 

field is unchanged. 

generated during that time increment may be predicted through appli- 

cation of the Kutta and boundary layer separation conditions. In 

addition, at later time steps, the new geometry of existing wake 

surfaces may be predicted through application of the geometric free 

surface condition. 

As a result, the geometry of the wake surface 

( 3 )  With the new geometries of the wake surfaces determined the integra- 

tion over the wake surfaces in Eq. 2 . 1 2  for the next time increment 

may be accomplished. Therefore, the governing equation may again be 

solved through the appropriate boundary conditions. 

(4) Steps ( 2 )  and (3) are repeated so that the solution proceeds in a 

step-by-step manner towards the steady state or periodic final 

result. 

3 . 2  Numerical Solution by the 
Collocation Method 

--- ~ ~ . - -  --- - -- 
-______ -_ 

With the boundary conditions described in Section 2.1, the objective 

is to develop a technique for solving the governing integral equation, 

Eq. 3 . 1 ,  with the aid of a digital computer. For this purpose, the airfoil 

and wake surfaces are discretized into NB and %(t) elements as shown in 

Fig. 3.1. 

On the airfoil, the surface distribution of potential sources is re- 

presented as a piecewise linear distribution. This distribution is unique- 

ly defined in terms of the source strength at the center or control point 

of each element and a zero source strength at the trailing edge. Con- 

sequently, there are NB model degrees of freedom associated with the air- 
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foil source distribution. 

The surface distribution of potential doublets is represented by a 

piecewise linear distribution of potential vortices which is equivalent to 

a quadratic doublet distribution. This distribution is uniquely deEined in 

terms OE the vortex strengths at the element boundaries. Allowing indepen- 

dent endpoint vortex strengths for the upper and lower surface elements at 

the trailing edge, there are Ng+l model degrees of freedom associated with 

the airfoil vorticity (or doublet distribution). 

The distributions of potential jump on the wake surfaces are repre- 

sented by lumped vortex distributions which are equivalent to piecewise 

uniform doublet distributions. Each wake element is modeled as a single 

lumped vortex located at the element midpoint. The single exception to 

this modeling strategy is the trailing wake nascent vortex (the trailing 

wake element immediately adjacent to the trailing edge). The potential 

jump distribution on this element is represented by a linear vorticity 

distribution. The endpoint strengths for the nascent element are the sum of 

the upper and lower surface vortex strengths at the airfoil trailing edge 

and a free parameter at the downstream edge. Therefore, there are a total 

of %(t) model degrees of freedom associated with the wake potential jump 

distribution. 

geometry of the piecewise linear wake surfaces. However, those geometries 

are allowed to evolve in a step-by-step manner as described in Section 3 . 1  

and are not discussed here in the same context as the singularity distribu- 

tions. 

There are also 2%(t) degrees of freedom associated with the 

Summarizing, the present numerical modeling technique leads to 

2N + +1 degrees of freedom for which there must be an equal number of 

constraints or boundary conditions. 

B %  
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Application of the Kutta condition for the present model consists of 

requiring parallel flow on the nascent trailing wake element or equiva- 

lently, flow at the trailing edge parallel to the trailing edge bisector. 

This is equivalent to a surface tangency condition and provides an addi- 

tional boundary condition. 

The Kelvin-Helmholtz vorticity conservation theorem requires that the 

total vorticity within the flow be constant at all times. Application of 

the theorem to the current model yields an algebraic relation between all 

vorticity elements in the flow. 

The strengths of all wake lumped vortices are determined at the time 

that they are shed from the airfoil surface. At the boundary layer separa- 

tion point, this consists of the flux of boundary layer vorticity which 

occurs during a numerical time step. At the trailing edge. wake vortices 

are formed such that they represent the total vorticity that had been 

distributed on the nascent vortex before convecting downstream. The 

strengths of the wake vortices are constant as they convect downstream. 

Hence, in a situation in which boundary layer separation is occurring, the 

strengths of %(t)-3 wake vortices are determined by the development 

history of the flow. The strengths of two additional vortices are deter- 

mined by the shedding conditions at that time instant. These con- 

siderations lead to a total Of %-I boundary conditions on the wake 

vorticity distribution. 

Thus far, application of the surface tangency, Kutta, flow field cir- 

culation and wake boundary conditions have provided a total NB+%+l 

constraints on the overall problem solution. The remaining NB constraints 
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required for a unique problem solution are provided by arbitrarily setting 

the airfoil surface source strengths such that they offset the normal down- 

wash on the airfoil due to the relative velocity between the freestream and 

airfoil surface. 

The combination of aerodynamic model degrees of freedom and boundary 

conditions which have been described represent the most general case of an 

unsteady airfoil motion with boundary layer separation. 

boundary layer separation or the motion is steady, the model is simplified 

significantly. 

cial cases are given in Section 3.5. 

If there is no 

Examples of the equations sets associated with these spe- 

3 . 3  Determination of the Source 
Strength Distribution 

__ ________ _ _  ___ 
____ 

As was discussed in Section 2.2,  the solution to the governing Laplace 

equation can be expressed in terms of integrals of induced potentials due 

to boundary distributions of sources and vortices (or doublets). The sur- 

face integrals may be numerically evaluated by using the collocation 

technique which was described in the previous section. Application of the 

boundary conditions leads to a set of system equations through which the 

unknown vortex strengths can be expressed in terms of the total downwash 

and prescribed source strengths. The system equations have an excess 

number of degrees of freedom so that the source strengths may be 

arbitrarily prescribed and the proper vortex strengths will automatically 

adjust to fit the physical boundary conditions. It follows that there are 

unlimited combinations of source and vortex distributions which can induce 

the same flow field and satisfy the same boundary conditions. 
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The prescription of an airfoil source strength distribution is a model 

feature that may be freely chosen to optimize various aspects of the 

model's performance. The only limitation on the choice of source strength 

is that the rationale utilized should guarantee zero net flow to the 

interior of the airfoil. The significance of this may be understood by 

considering the boundary of the airfoil to be a closed streamline across 

which there can be no mass flux. Accordingly, the mass of the imaginary 

flow locked inside of the airfoil should remain constant. 

Satisfaction of this requirement can be asssured in one of the three 

ways : 

1. Establish an algebraic relationship between the normal velocity 

induced by the source panels. 

2. Set all source strengths to zero. 

3 .  Set source strengths equal to the normal relative velocity between the 

airfoil and freestream, i.e., 

+ +  
1.1 = -(UR * n) 

In an earlier study by the author (Ref. 20), the second approach was uti- 

lized for the sake of simplicity. The third strategy has been applied in 

the present investigation and found to give more stable solutions with less 

sensitivity to the distribution of panels on the atrfoil. The explanation 

for the improvement of the calculations is that the source distribution 

reduces the magnitude of the downwash which must be balanced by the 

vorticity distribution. Consequently, the resulting vortex strengths are 

all within one order of magnitude, thereby tmproving the numerical accuracy 

of the calculations. The same observation has been made by Bristow 

(Ref. 5) .  
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3 . 4  Influence Coefficients 
Evaluation 

- 

To summarize, for an irrotational potential field, a unique solution 

is obtained by representing the flow boundaries with a combination of 

source and vorticity singularity distributions. The flow boundaries are 

discretized into a finite number of planar surface panels for numerical 

representation. With the exception of the wake element immediately adjacent 

to the trailing edge, all wake vorticity is lumped into discrete, point 

vortices. The strength of the wake vortices is determined at the time of 

their generation and is constant thereafter. 

Each panel on the airfoil surface consists of a combination of linear 

vortex and source distributions. The vorticity distribution is defined in 

terms of the vortex strengths at element endpoints while the source distri- 

bution utilizes source strengths at element centroids. Due to the 

linearity of the governing Laplace equation, the cumulative induced poten- 

tial and velocity at any point in the flow or on a boundary can be calcu- 

lated as a linear sum of the individual contributions of the boundary 

elements. Therefore, it is computationally convenient if the individual 

contributions can be expressed in terms of endpoint and centroid strengths 

and multiplying coefficients. These coefficients are known as influence 

coefficients and are functions of the boundary geometry. 

In this section, influence coe€ficients for the linearly varying 

vortex, the point vortex, and the linearly varying source singularities are 

derived . 
A general linearly varying vortex distribution on a panel designated B, 

adjacent to panels A and C is illustrated in Fig. 3 . 2 .  The 5 and n element 

axis are tangent and perpendicular, respectively, to the B panel. The vor- 
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Figure 3-2 L i n e a r l y  Varying Vortex D i s t r i b u t i o n  
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tex distribution function y(5) may be expressed in terms of the vortex 

strength at the end points of panel B ,  YAB and Y BC 

This equation illustrates that the vortex function y(<) may be treated as 

the sum of uniform and symmetrically linear functions. 

The linearly varying source distribution on the panel B illustrated in 

Fig. 3 . 3  may be treated as a composition of two functions, % ( E )  and $ ( E ) .  

The source distribution function on the left side of the panel B is defined 

by uA and %, that on the right side by % and ' The corresponding rela- 

tions for the left and right sides are 

C' 

The normal induced velocity at a "field" point due to the combined 

source and vortex distribution may be calculated as follows. First, a 

(<,T-I) -coordinate system is generated for the influencing panel as in 

Fig. 3.4. Then, the coordinates of the control point of interest are con- 

verted into the ( 5 , q )  -system by applying: 

1 1 ~p = [xP - :(xi + xi+1) ]cos 0 1  + [yP - g y f  + Y ~ + ~ )  Isin ei ( 3 . 6 )  
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Figure  3-4 C o o r d i n a t e  System ~ o r  a S i n g u l a r i t y  P a n e l  
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The normal and tangential components of the induced velocities from the  

single source or vortex element can be obtained by integrating the 

influence from point i to i+l in Fig. 3 . 4  (see Appendix A €or a complete 

explanation). 

The use of the following definitions makes it convenient to express 

the resultant equations: 

2 2 
R : = S p + n  P 

a, = tan-1 n P  

a1 = tan -1 (_______) PS 
i 5 + -- 

P 2  

n P s  - - __ -1 
i 

P 2  

a2 = tan 
5 + 

1 z1 = R: 

R; 

In ( ---) 
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The equations for induced velocity from the different types of singularity 

distributions are. 

Unit Source p (6) = 1 _ _ _  

USl = Z1/2n 

Vsl = (a2 - a1)2n 

Unit Vortex y (s )  = 1 - - __ -. - - - - 

uV1 - - (al - a2) /2n  

VVl = Z1/2n 

Left-Half of Unit Linear Source p ( s )  = 6 __ 

S 

( 3 . 9 )  

(3.10) 

(3.11.) 

Right-Half of Unit Linear Source p ( 6 )  = 5 ____ -- -_ - 

S 

(3 .12)  
vSR = [sP (a2 - ao> - TI z ] / 2 ~  P 3  

( 3 . 1 3 )  



In E q s .  3 . 9  through 3 . 1 3 ,  U and V represent the 6 and rl components of the 

induced velocity, respectively. The induced velocity components may be 

transformed to the (x,y)-system using 

Ux = U cosOi - V sinei 5 n 

Vy = U sinei + V cosei * 5 rl 
( 3 . 1 4 )  

By combining Eqs. 3 . 3 ,  3 . 4 ,  and 3 .5  with Eqs. 3 . 9  through 3.14 ,  it is 

possible to determine the induced velocity at (x ,y ) as illustrated in 

Fig. 3 . 4 .  On the airfoil, it is necessary to consider the normal and 
P P  

tangential components of the induced velocity with respect to the "field" 

panel P with the normal unit vector, n . Denoting H as the normal com- 

ponent, Eq.  3 .14  reduces to 

+ 
P 

+ -+ + 
= (U,i + V j) n - HP Y P (3.15) 

If the same subscripts are used for H as in the Eqs. 3 . 9  through 3 . 1 3 ,  then 

the total induced normal velocity on the field panel P can be calculated 

from the following equation: 

'C - 'B 
HSR 

+ ----- 'B - 'A 
SL 1 pBHS1 + H 1 

+ 'B) 4 s  2 B  + SC) 

or 

1 572 1 HV2 
P sB sB H = (z HV1 - ---I YAB + (z $1 + ----I BC 

( 3 . 1 6 )  

(3.17) 
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The coefficients of p A .  p B >  p c ,  yAB. and yBc are the desired normal induced 

velocity influence coefficients. 

tangential induced velocity are 

The corresponding relations for the 

+ + -b 
Jp = (U,i + V Y j) t P 

or 
t 

1 %2 
= (z Jvl - -> 

JP sB 

(3.18) 

(3 .19 )  

All the terms of Eqs. 3.17 and 3.19  are defined as functions o€ the 

geometry of the airfoil and its orientation with respect to the freestream. 

Therefore, Eqs. 3.17 and 3.19 can be cast in the form 

Where the A ' s  and B's are the desired influence coefficients. 

Induced velocity from a point vortex can be obtained from 

( 3 . 2 0 )  

(3 .21 )  

4 3  

( 3 . 2 2 )  



Its normal and tangential component can be calculated from 

Jp + (Ux"i + V 3) * "t * Y P 

( 3 . 2 3 )  

( 3 . 2 4 )  

3.5 Linear Equations Sets - - - - - - - - - - - 

In the previous sections, the theory and numerical technique for the 

calculation of an unsteady incompressible flow field have been discussed. 

In this section, a simple four element airfoil is used for illustration 

purposes to show the system of equations which result from the cases of 

steady attached flow, unsteady attached flow, and unsteady separated flow. 

3.5.1 Steady Attached Flow. 

Steady solutions may be obtained by forcing the initial condition to 

be equivalent to the steady state condition. Even though the same result 

can be achieved by allowing the flow to develop until the unsteady initial 

effects fade away, it is computationally inefficient due to the very long 

computing times required. 

The singularity distributions and the bound circulation should remain 

constant with respect to time for a steady flow. Consequently, the net 

rate of vorticity shedding from the upper and lower surface boundary layers 

at the trailing edge to the wake is zero. The only vorticity in the wake 

is the starting vortex which is assumed to be at an infinite distance 

behind the airfoil. The Kelvin-Helmholtz theorem is inherently satisfied 
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in steady flows where the vorticity associated with the starting vortex is 

equal and opposite to the bound vorticity on the airfoil. 

may be calculated simply by forcing the sum of the upper and lower surface 

vortex strengths (yl and y5 in Fig. 3.5) to be zero at the trailing edge. 

The complete steady solution can then be obtained with a single solution of 

the resulting equation set. 

This steady flow 

For the case of the four element airfoil illustrated in Fig. 3.5, five 

unknown vortex strengths can be calculated using four surface tangency 

conditions at the airfoil element mid-points plus one constraint on the 

upper and lower surface vorticities at the trailing edge. 

equations for a steady flow becomes 

The set of 

(i = 1,2, ..., 4) 

Y1 + Y 5  = 0 

or in matrix form 

... 0 

(3.25) 

( 3 . 2 6 )  

where, A represents the normal induced velocity coefficient on the i-th 

panel due to j-th vorticity strength, y The coefficient, B is the 

normal induced velocity coefficient on the i-th panel control point due to 

ij 

j' ij 



'I con t r o 1 'I po i n  t 

y 3  

wake surface 

F i g u r e  3-5 Vortices and Contro l  P o i n t s  on t h e  4 Element 
Airfo i l  in Steady Flow 
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the j-th source strength, l~ 

velocity between the airfoil and freestream at the control point of the 

i-th element. 

The product, UR.ni. is the normal relative 
j' 



3.5.2 Unsteady Attached Flow 

The basic difference between the unsteady and steady flow calculation 

is that for the unsteady flow, the model must account for the time depen- 

dent wake geometry, motion of the airfoil, and bound circulation. At any 

instant, the total circulation about all singularities in the flow field 

should satisfy the Kelvin-Helmholtz theorem. For unsteady flows, this 

theorem provides an additional constraint equation which must be included 

in the set of system equations. 

Referring to the four panel airfoil illustrated in Fig. 3.6, at the 

starting instant, there is no wake present and the only singularities in 

the flow are the source and vortex panels distributed over the airfoil sur- 

face. The boundary conditions or system constraints for this situation are 

the four surface tangency conditions and the Kelvin-Helmholtz theorem. The 

system equations for the four element airfoil become 

-P A y + ... + A y + Bil% + ... + Bi4p4 + GR + ni = 0 il 1 15 5 

(i = 1,2,. ..,4) 

1 - s ( y  2 1 1  2 4 4  
+ y2) + - . *  + s ( y  + ys) = 0 

or in matrix form 

... A 
A1 1 15 

A4 1 A45 

FS1 1 ."$s4 

. ,  
Yl 

44 B B4 1 

0 ... 0 

+ +  
u .n R 1  

+ +  u .n 
Ro 

(3.27) 
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Figure 3 - 6  V o r t i c e s  and Control Points on the 4 Element 
Airfoil a t  t h e  Starting I n s t a n t  



where, Aij and B 

is the length of the j-th panel. 

are the source and vortex influence coefficients and S 
ij j 

After the starting instant, a wake surface will be generated from the 

trailing edge as illustrated in Fig. 3.7. At any instant thereafter, the 

rate of vorticity shedding to the trailing edge wake is equal to the vor- 

ticity flux from the boundary layers or equivalently, to the instantaneous 

sum of the upper and lower surface vortex strengths at the trailing edge. 

Therefore, the vorticity distribution on the nascent wake element at the 

trailing edge reflects the history of the vortex strength that has been 

shed to the wake element from the trailing edge of an airfoil during a 

single time step. 

The instantaneous rate of vorticity injection to the wake may be 

expressed as 

( 3 . 2 9 )  

The circulation that is contained in the nascent wake element may then be 

expressed in terms of an integration of the vorticity injection rate over 

the time dt. This may be written as 

t+dt drW t+dt uu + ua 
(-------) (y + y )dt ( 3 . 3 0 )  E- 2 1 5 dt = I 

t 
Y; = r 

t 

In Fig. 3.8, the corresponding variation of vorticity on the nascent wake 

element at the trailing edge of a flat plate is illustrated. An equivalent 

linear vorticity distribution on the nascent element is obtained by 
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Figure 3-7 Vortices a n d  Control Points on t h e  4 E l e m e n t  
Airfoil i n  U n s t e a d y  Attached Flow 
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Figure 3 .8  Vortex S t r e n g t h  D i s t r i b u t i o n  A t  t h e  Trailing 
Edge Wake E l e r e n t  

52 



matching the induced velocity on the trailing edge control points which 

would be produced by the exact distribution. This yields 

( 3 . 3 1 )  

It should be noted that the vortex strength at both ends of the nascent 

wake element are fully coupled into the system equations. This allows the 

complete solution to include the correct instantaneous effect of the 

nascent wake element. On the basis of the discussions above, the current 

investigation uses the Eq. 3.31 which leads to one additional unknown, yw 

(see Fig. 3.7). 

With an additional unknown vortex strength, y,, one more constraint is 

needed for a unique solution. For that additional equation, the Kutta con- 

dition is applied by putting an additional control point on the nascent 

trailing edge element (see Fig. 3.7). At that point, the local convection 

velocity is required to be tangent to the wake element or the trailing edge 

bisector. The resulting set of system equations for the four element air- 

foil will have six equations and six unknowns: 

. . . + %,enw= + o 

... + y y  + ... = 0 

( 3 . 3 2 )  



or in matrix form 

- Y; 

_ _  

B1 1 

'4 1 

*Wl 
0 .  

-- 

. . .  - 

( 3 . 3 3 )  

where the subscript w indicates terms involving the nascent wake element. 

The last matrix product represents the downwash due to the wake other than 

the nascent vortex where the number of wake elements is a function of time, 

N( t) 
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3.5.3 Unsteady Separated Flow 

When the boundary layer separates, a second wake surface will be 

introduced in the flow at the separation point as shown in F€g. 3 . 9 .  For 

the present study, the nascent vortex for the separation wake surface is 

represented as a lumped vortex whose strength is related to the local vor- 

ticity in the boundary layer as described in Section 2.3 .  

The rationale for the introduction of vorticity at the boundary layer 

separation point is similar to that followed at the trailing edge. 

nascent vortex represents the vorticity shed during a time step. This is 

calculated as 

The 

2 
t+At drs t+ht us 

- dt 2 --- dt = I Y s  = tI dt t 

2 
' S I  A t  

t 'z 

As is the case at the trailing edge, a direction o f  shedding must be 

assumed. After extensive computational experiments, it was determined that 

a shedding angle of 10" above the local surface tangent yields calculated 

lift and drag coefficients in best agreement with experimental results. 

This value for the shedding angle was utilized for the results presented in 

Chapter IV. 
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Figure 3-9 Vortices and Control  P o i n t s  on the 4 E l e m e n t  
A i r f o i l  in Separated F l o w  
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The presence of a separa ted  wake su r face  adds several terms t o  the  

system equat ions which become 

S + + + ~ : ~ y ~  + ... + uR - n = o 
W 

W - _  U2At + y i  + ... = 0 2 s  ... + y l  + ... 

o r  i n  mat r ix  form 

I- 

C 

- Y; 

(3.35) 



where u represents the separating edge velocity obtained at the previous 

time step and superscript s indicates relations involving the separating 

wake. 

R 

3.6  Calculation of Airloads - - _I--- 

The pressure at any point in an irrotational, ideal flow may be found 

with the unsteady Bernoulli equation, 

( 3 . 3 6 )  a@ i 2 P = P, - + (mi ] 

As shown by Summa (Ref. 52, Appendix B), this may be rewritten in body 

fixed coordinates as 

The primary difference between Eqs. 3.36  and 3.37  is the additional incre- 

ment to a+/at on the airfoil due to the motion of the airfoil through the 

potential field. 

recognizing that even if the potential field is steady, a+/at for a point 

moving through the field is not equal to zero unless the potential field is 

a l s o  uniform. 

E q .  3.37 may be rewritten in a more convenient form for numerical com- 

The significance of this term may be appreciated by 

putation by expressing V +  as 

V +  = V  + + - e  a+ + ( 3 . 3 8 )  S an n 

where V s  is the surface gradient. 

condition was written in body fixed coordinates as 

In Section 2 . 2 ,  the surface tangency 

+ + +  + (u, - u B  - - w  x * n ao _ = -  
an B ( 3 . 3 9 )  
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With Eq. 3 . 3 7 ,  Eq. 3 . 3 8  may be expanded to yield 

ao + + +  + 
P = P , - ~  [ E + ( ~ m - ~ B - ~ B ~ r )  * v S o  

ao + + +  + + 1  2 i a o 2  
an + - (u, - uB - w B  x r) n + T (vSo) + - 2 (---I an 3 

Substituting Eq. 3 . 3 9  into Eq. 3 . 4 0  leads to 

P = P , - p  [ E + ( u m - u B - w B x = )  ao + + +  'VS@ 

( 3 . 4 0 )  

( 3 . 4 1 )  

Pressure calculations utilizing Eq. 3 . 4 1  require the direct evaluatLon of 

the surface potential distribution in order to calculate a4/at. A number 

of complications arose in the present study due to the multivaluedness of 

the potential induced by a point vortex and the necessity of defining a 

reference line for angle measurements, i.e., for a point vortex, the 

induced potential is 

The problem of multi-valued induced potentials may be circumvented by eva- 

luating the pressure distribution in terms of induced tangential velocity. 

For this purpose the surface gradient of the pressure distribution may be 

written as 

2 1  21 { (  U, - uB - w x * n} + ( ~ ~ $ 1  1 + + + 
2 B 

- _  ( 3 . 4 2 )  
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1 2  
2 

where Cp = (P - P*)/(- pUDD ) the pressure coefficient. 

The pressure coefficient at any point on the surface may be obtained 

by integrating aC /as along the surface from the stagnation point where 
the pressure coefficient is known, i.e., 

P 

S 
c =  L- a C p d S + l  a s  stag P 

( 3 . 4 3 )  

With Eq. 3 . 4 3 ,  the airloads on the airfoil may be calculated by integrating 

the pressure force vector components over the entire surface of the 

airfoil. 
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CHAPTER IV 

RESULTS 

This chapter contains the calculation results for the current model, 

ADAM2 (Advanced Dynamic Airfoil Model in 2 dimensions). The capabilities 

of ADAM2 are illustrated for three different flow conditions: steady 

attached flow, unsteady attached flow, and unsteady separated flow. The 

calculated results are compared with experimental data and analytical solu- 

tions where available. Areas of significant improvements over the previous 

model, USTAR2, are also indicated. 

4.1 Steady Flow Calculations 

Figs. 4.1 through 4 . 8  illustrate the capability of ADAM2 to predict 

the pressure distribution on dif€erent types of two-dimensional airfoils in 

steady flow without boundary layer separation. 

presented are for the cases of a circular cylinder and typical laminar and 

turbulent airfoils. The superiority of ADAM2 over USTAR2 is clearly shown 

through several comparisons. 

The calculation results 

The case of a circular cylinder with different numbers of elements is 

presented in Figs. 4.1 through 4 . 3  in which the surface pressure coef- 

ficient is plotted as a function of azimuthal angle around the cylinder. 

Surface panel placement is not a particularly critical factor in the use of 

ADAM2. The general rules to follow are to vary the element size in propor- 

tion to the local radius of curvature of the airfoil surface and that no 

element should be less than 50% of the size of the adjacent elements. For 
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Figure 4 . 1  S t e a d y  P r e s s u r e  D i s t r i b u t i o n  On 
a 10 E l e m e n t  Circular Cylinder 
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F i g u r e  4 . 2  S t e a d y  P r e s s u r e  D i s t r i b u t i o n  On 
a 20 E l e m e n t  C i r c u l a r  C y l i n d e r  



30 6 0  80  120 150 188 

F i g u r e  4.3 Steady  P r e s s u r e  D i s t r i b u t i o n  On 
a 3 0  E l e m e n t  C i r c u l a r  C y l i n d e r  
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F i g u r e  4.7 S t e a d y  Pressure D i s t r i b u t i o n  on a NACA 0015 
Airfoil a t  0 "  A n g l e  of Attack ( 5 0  e l e m e n t )  
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F i g u r e  4-8 Steady P r e s s u r e  D i s t r i b u t i o n  on a NACA 0015 
Airfoil a t  6 "  A n g l e  of Attack 



the case of a cylinder with a uniform radius of curvature, it is sufficient 

to simply choose equally sized elements. 

Although ADAM2 and USTAR2 will both converge to the exact solution as 

the number of elements €s increased, it is apparent from the figures that 

the rate of convergence of ADAM2 is more rapid. 

Figs. 4.4 and 4 . 5  illustrate the calculated chordwise pressure coef- 

fic€ent distribution for a laminar airfoil at two angles of attack, 6.1"  

and 12.21". 

plotted for comparison. Laminar airfoils present unique computational 

difficulties since they typically have sharp leading edges and locally con- 

cave surfaces. It may be noted from the figures that the calculated 

pressure distribution closely follows the experimental data. The slight 

discrepancy on the suction side of the airfoil at the higher angle of 

attack may be reduced through the use of denser element spacing around the 

nose. 

Similar results from USTAR2 and experimental data are also 

Typical calculations of chordwise pressure distribution for turbulent 

a€rfoils are presented in Figs. 4.6 through 4.8  at 0" and 6" angle of 

attack. Again, the improved accuracy of ADAM2 is noted. 

USTAR2 (see Ref. 20), the predecessor to ADAM2, utilized a single 

control point on the trailing edge bisector to represent the combination of 

surface tangency conditions on the upper and lower surface at the trailing 

edge and the Kutta condition. With ADAMZ, the trailing edge is more 

completely modeled by including separate surface tangency conditions on 

the upper and lower surface and a separate Kutta condition enforced on the 

nascent wake panel. The benefits of the improved trailing edge modeling 

are apparent in Figs. 4.6  through 4 . 8 ,  particularly with coarser surface 

paneling. 
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4 . 2  Unsteady Attached Flow - __  - ~ -  - 

Figs. 4 . 9  through 4 . 1 1  are typical of calculations of chordwise poten- 

tial jump distribution for non-separated flow over an impulsively started 

flat plate. Although cases of impulsively started airfoils with thickness 

may be predicted as well, there are no corresponding experimental or ana- 

lytical results for comparison. 

computed and exact potential jump distribution over an impulsively started 

flat plate at the starting instant. The improved convergence charac- 

teristics of ADAM2 are noted for unsteady flows as well as for the previous 

steady flow results. 

Fig. 4 . 9  presents a comparison between the 

Figs. 4 . 1 0  and 4 . 1 1  illustrate the subsequent development of cir- 

culation and lift with respect to time for the flat plate airfoil. 

Wagner's (Ref. 21) analytical results are also plotted €or comparison. 

4 . 3  Unsteady Separated Flow - -_ - - _- .I__.--- 

Figs. 4.12 through 4 . 1 4  illustrate the comparison between computed and 

experimentally determined lift coefficient versus angle of attack €or  a 

NACA 0015 airfoil at three different Reynolds numbers. In all cases, the 

airfoil is impulsively set into motion and maintained at a constant angle 

of attack. For these cases, the calculattons have been continued €or 20 

chord lengths of travel, with the lift arithmetically averaged over that 

interval. 

It is observed that the boundary layer separation point obtained from 

the boundary layer calculations, starts from the trailing edge and 
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F i g u r e  4 . 9  P o t e n t i a l  J u m p  Distribution o n  an Impulsively 
Started Flat  P l a t e  Airfoil 
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Figure 4-10 I n d i c i a 1  C i r c u l a t i o n  on a n  Impulsively S t a r t e d  
F l a t  P l a t e  Airfoi l  
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Figure 4.13 V a r i a t i o n  of L i f t  C o e f f i c i e n t s  f o r  
a NACA 0015 A i r f o i l  a t  R e = 1 , 2 7 0 , 0 0 0  
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progressively approaches its steady location. Currently, ADAM2 has dif- 

ficulties in accurately predicting the movement of the boundary layer 

separation point. It generally advances towards the leading edge faster 

and further than expected. Basically, the influence of the nascent 

separating vortex on the suction side of an airfoil is disproportionately 

large which strengthens the adverse pressure gradient ahead of the instan- 

taneous separation point. Consequently, there is a tendency for the 

separation point to be predicted further forward at each time step. For 

these reasons, the calculated lift tends to indicate an earlier stall than 

the experimental data. 

Fig. 4.15 illustrates typical lift coefficient variations which occur 

over the 20 chord lengths of travel. The oscillatory changes of the lift 

are considered to be caused by wake surface deformation as well as slight 

variations of separation point location. 

Since the vorticity shedding rate and the increment t o  a$/at are 

determined by the local edge velocity at the separation point, slight 

changes of separation point location will strongly affect the calculation 

of the surface pressure beneath separated wake surface. 

itself was unrealistically large in the author's previous work (Ref. 20) 

and a reduction factor was required to obtain reasonable results. Similar 

problems have also been reported in the literature (see Ref. 16 and 45). 

However, it should be noted that no reduction factors are necessary for 

ADAM2. The use of a higher order panel singularity distribution is con- 

sidered to be a major contributor to these improvements. 

The value of a$/at 

Fig. 4.16 illustrates a typical calculated wake geometry after 20 

chord lengths of travel. The wake geometry has the familiar form of the 
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classical vortex street. The periodic nature of this wake structure is the 

source of the low frequency lift and drag fluctuations shown in Fig. 4 . 1 5 .  

The frequency of the large vortex shedding may be nondimensionalized with 

the freestream velocity and the breadth of the airfoil across the stream 

to form a Strouhal number. The Strouhal number for the case of Fig. 4.16 

is approximately 0.175 which agrees well with the experimental value of 

0.18 reported by Blenk, Fuchs, and Liebers (Ref. 5 6 ) .  

Fig. 4.17 illustrates the comparison between the experimental and com- 

puted pressure distributions on an NLF (1)-0416 airfoil at a post stall 

angle of attack. The agreement is excellent, particularly on the suction 

side within the separated region. In this case, the separation point is 

predicted at 25% chord which is just ahead of a calculated sudden pressure 

drop on the suction side of the airfoil. Currently, a step change is 

applied across the separation point to represent the additional increment 

to the time derivatives of the velocity potential due to the boundary 

layer separation. However, in observing the actual separation phenonenon, 

it is observed that the boundary layer starts thickening throughout a 

relatively broad transition area before it separates fully. An accurate 

mathematical representation of the boundary layer separation process 

should include the effects of finite separation development length. One 

effect will be to diffuse the increment of a+/at which should result in a 

more continuous pressure variation in the vicinity of a separation point. 

Figs. 4.18 through 4.21 illustrate the lift and drag coefficient 

variations as a function of time for the case of an airfoil undergoing a 

constant pitching motion. The calculated drag is in good agreement with 
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Figure 4- 18  T h e  L i f t  a n d  Drag  C o e f f i c i e n t  f o r  a N A C A  0015  
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F i g u r e  4.19 T h e  L i f t  and Drag C o e f f i c i e n t  f o r  a NACA 0 0 1 5  
A i r f o i l  i n  P i t c h i n g  n o t i o n  (Re=100,000, 
k=.19, 2 5 %  c h o r d  p i t c h i n g  c e n t e r )  
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Figure  4-20 The L i f t  and Drag C o e f f i c i e n t  f o r  a NACA 0015  
A i r f o i l  i n  P i t c h i n g  n o t i o n  (Re-100,000, 
k = . 2 9 ,  2 5 %  c h o r d  p i t c h i n g  center)  
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F i g u r e  4 .21  T h e  L i f t  a n d  Drag C o e f f i c i e n t  f o r  a RACA 0 0 1 2  
A i r f o i l  i n  P i t c h i n g  n o t i o n  (Re=77,700, 
k=. 13,  31.7% c h o r d  p i t c h i n g  center )  
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experimental data for all cases. However, the lift is considerably 

underestimated at the relatively high angle of attack ranges. This 

underestimation may also be caused by the unrealistically rapid boundary 

layer separation point progression predicted by ADAM2. 

Fig. 4.22  presents the calculated and experimental variations of lift 

coeFficient versus time for a NACA 0012 airfoil in oscillatory pitching 

motlon. As is shown in the figure, ADAM2 underestimates the lift for the 

majority of the hysterisis loop. According to the experimental data (Ref. 

35), the boundary layer separation point moves forward when the airfoil 

pitches up and toward the trailing edge when it pitches down. As was 

noted in the constant pitching cases, ADAM2 tends to over-predict the for- 

ward separation poTnt movement as the airfoil pitches up. It also tends 

t 3  under-predict the separation point retreatment as the airfoil pitches 

down. The backward movement is retarded to the extent that complete re- 

attxhment does not occur at the end o€ a pitch cycle. Again, unreasonably 

s t r o n g  influence of the separating vortex on the suction side of the air- 

foil is considered to be the source of the problem. 



I!. . . . . , . . . . , . . . . , , , . .  

- -  . ADAH2 
--: e x p e r i m e n t  (Ref. 35) 

Cl 

1.8 - 

1 -  

c- 
.!I - 

20 

F i g u r e  4 . 2 2  L i f t  Variations o n  a NACA 0 0 1 2  A i r f o i l  uith 
O a c i l l a t o r y  Pitching m o t i o n  ( R e  =4,000,000, 
a=10"+10"sin ( - 2 t )  , 25% c h o r d  p i t c h i n g  c e n t e r )  
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CHAPTER V 

CONCLUSIONS AND RECOMMENDATIONS 

This chapter contains a summary of conclusions from the current study, 

and recommendations for future work. 

5.1 Conclusions 
L-- 

A numerical model which is theoretically capable of predicting aerody- 

namic characteristics for an unsteady airfoil motion at high angles of 

attack has been developed in the current investigation. The capability of 

the current model, ADAM:!, has been examined €or various types of airfoils 

in steady and unsteady flow situations. For all the cases tested, the 

prediction accuracy has been notably improved over the previous model, 

USTAR2 ( R e f .  20). In particular, the calculations for steady attached 

flows are sufficiently accurate to enable ADAM2 to be used as an analysis 

tool. The calculation results for separated flows have reasonable 

accuracy even though the current model has some difficulties yet to be 

overcome. More accurate predictions for these cases may be possible 

through the development of an improved representation of the viscid and 

inviscid interaction in the vicinity of boundary layer separation. 

5.2 Recommendations 

One of the goals of the current research was to develop a numerical 

model of dynamic stall as it occurs on the Darrieus turbine. In addition 

to that, the recently introduced supermaneuverability concept may be 

another stimulant to the development of models similar to ADAX2. In order 

to accomplish such goals, more investigations in the following areas are 

recommended. 

89 



1. More precise representation of the flow is needed in the vicinity 

of the boundary layer separation point and origin of the separating 

wake. 

2. The inviscid model may need improvements to handle the laminar 

separation bubble phenomena which is often observed on a pitching 

airfoil. 
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APPENDIX A 

c 

DISTURBANCE VELOCITY CALCULATIONS 
FROM A SINGULARITY ELEMENT 

This section contains the exact derivations of the induced velocities from 

various singularity distributions. Notations used here are illustrated in 

Fig. A.1. 

A.l For A Constant Source Distribution - - __ - - - - - - - _I __ - - __ __ 

2 
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Figure A . 1  Coordinate S y s t e m  for a S i n g u l a r i t y  Element 
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A.4 For A Linear Vortex Distribution ---- 
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APPENDIX B 

THE PROBLEM IN BODY FIXED 
COORDINATE S 

Assuming that the airfoil is rigid, the functional representation of 

its surface is independent of time when given with respect to a body fixed 

coordinate system. This plus the fact that the governing Laplace equation 

is not explicitly time dependent suggest that it would be advantageous to 

transform the problem to a body fixed coordinate system. 

Consider the motion of an airfoil through an ideal fluid as shown in 

Fig. B . l .  We denote by K with the subscript ' o ' ,  operations with respect to 

the fluid fixed frame. A K or the absence of a subscript indicates opera- 

tions with respect to the body fixed frame. These coordinate systems are 

illustrated in Fig. B . l .  It should be noted that the translational velo- 
+ 

of the K frame and the translational and rotational velocities, 
0 

city, urn, 
+ 
u and 5 

frame. 

of the K frame are taken with respect to an inertially fixed 
B B' 

To establish the connection between the two coordinate systems, note 

that the position vectors for an arbitrary fluid fixed point P for the two 

reference frames are related by 

where 

+ 
and [TI = coordinate transforamtion matrix, i.e., for any vector A 

{A} = [TI {A,/* 

0 ,  
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P 

I- 

Figure B.1 I n e r t i a l  and Body F i x e d  R e f e r e n c e  F r a m e  
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Consider the potential field, (0 .  Since the value of a scalar field is 

independent of the reference frame, we may write 

Similarly, for the pressure field and airfoil surface function, it follows 

that 

SO(+',,t) = S(2,t) ( B . 4 )  

In Eq. B . 4 ,  advantage has been taken of the fact that S is independent of 

time with respect to the body fixed reference frame. 

Since the gradient operator defines a vector field, gradients from the 

KO and K frames may be related by 

Then for the Laplacian, 

v2 = {V)T{Vl 

or 

For the particular case of a transformation matrix, it may be shown that 

[TI-' = [TIT 

so 



Eq. B.6 then becomes 

or 

To relate the time derivatives for the two reference €rames, we write 

V __--  _ _  - - +  - - .  a -  a t  a a’: 
a t  at 

But since time is unchanged by transformation, 

and 

V 
_ _ -  a -  - a - - +  a; - -  - 
at, at a t :  (B. 10) 

The second term of the right hand side of Eq. R.10 is the contribution to 

the temporal variation due to the motion of the K frame relative to the 

K or fluid fixed Erame. In a sense, it is like the convective contribu- 

tion to a substantial derivative due to the fact that it represents the 

change of a property Q(r) resulting Erom a variation of c with respect t o  

0 

+ 

the Eluid fixed reEerence frame. 

Eq. B.10 may be rewritten as 

a -? + + a - - - - +  [Urn - U,(t) - w x :] - v at, at B (B.  11) 
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where the relative velocity between the K and KO frames has been written as 

the difference of their velocity with respect to the inertially fixed 

€rame. 

Recall from the previous section that the governing equation for the 

potential flow model is 

2 
Vo@O(;o,t) = 0 (B. 12) 

where the subscripts '0' indicate operations with respect to the fluid 

fixed frame. Subscription of Eqs. B.2 and B.8 into Eq. 8.12 yields 

V2@("r,t) = 0 (B. 13) 

which is the governing equation for the body fixed problem. 

The surface tangency boundary condition was written for the fluid 

fixed frame as 

+ 
on So(r0,t) = 0 

Substitution of Eqs. B.2, 8.4, and B.8 into Eq. B.14 yields 



o r  

(B. 15)  

+ + where n ( r )  = outward normal on S ( r )  = 0 w i t h  r e s p e c t  t o  t h e  

a i r f o i l  f i x e d  frame. 

An e x p r e s s i o n  f o r  t h e  p r e s s u r e  f i e l d  i n  f l u i d  f i x e d  c o o r d i n a t e s  was 

g i v e n  p r e v i o u s l y  by 

T h i s  may be r e w r i t t e n  i n  body f i x e d  c o o r d i n a t e s  as 

(B. 1 6 )  

(B. 17) 
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